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Coherent backscattering of light from random media with inhomogeneous gain coefficient
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We study theoretically the coherent backscattering cone of light from an amplifying random medium using
realistic gain profiles which are spatially inhomogeneous. By taking into account correctly the amplification of
multiply scattered waves, we are able to obtain quantitative agreements with the measured data presented in
Phys. Rev. Lett75, 1739(1995 by Wiersmaet al. and resolve the discrepancy arising from earlier calcula-
tions based on a uniform gain profil50163-182607)00125-2

The propagation of light in random media has been &or coherent backscattering with gain, that includes a
subject under extensive study in the past decade due to mapysition-dependent gain coefficient. Usually, samples are
interesting correlation and fluctuation phenomena arisingumped from the front surface, which results in a gain coef-
from the interference of multiply scattered wavean im- icient that dies off as a function of distance away from the

’7 . o . .
portant interference effect exists between a multiply scatffont surface’’ Assuming a position-independent gain coef-

tered wave and its time-reversed counterpart. This gives risic/ent Will overestimate the amplification for waves with
ong path lengths and give rise to a narrower cone than is

to an enhanced intensity in the backscattering diret o observed experimentally.

is also the main mechanism for the localization of WaJve_s. In order to resolve this discrepancy, we have studied theo-
Recently, random media containing laser active materialgegically coherent backscattering from a medium with a
have shown to produce interesting phenomena due to theysition-dependent gain coefficient. Basically, we have
interplay between amplification and rancjomn%s;yuzm solved numerically the diffusion equation with a depth-
studied theoretically coherent backscattering of light from agependent gain coefficient, which allows us to calculate the
random amplifying medium and predicted a narrowing of theshape of the backscattering cone for any given gain profile.
coherent backscattering peakhe physics of this narrowing Using realistic gain profiles, we have tested our theory by
is easy to understand. In the presence of a constant gagalculating explicitly various backscattering cones corre-
coefficientky, the amplitude of a multiply scattered wave of sponding to previous experiments. The results of our calcu-
path lengthS is amplified by a factor exp¢S'2). The central lations remove the discrepancy between theory and experi-
part of the coherent backscattering cone is dominated by theaent. We find excellent agreement for the cases reported in
contribution from waves with long path lengths. Since wavedRef. 6. The inhomogeneity of a gain profile is taken into
propagating along long paths are amplified more than thosaccount in a quantitative way.

propagating along short paths, this gives rise to a sharpening In the absence of gain, the angular distribution of the
of the coherent backscattering cone. This sharpening has al&@ckscattering intensity can be described by the sum of three
been found by taking the saturation effect and the width obistatic scattering coefficients; , v,, andy., which rep-

the probe beam into accouhtRecently, coherent back- resent the contributions from single scattering, diffusive
scattering from an amplifying medium was studied experi-transport, and interference between counterpropagating
mentally by Wiersma, Albada, and Lagendijk in random me-waves, respectivelyMost of the angular dependence comes
dia consisting of TjOs-doped sapphire powde?sThey from the interference termy.(6), which is peaked in the
have also calculated the backscattering cone based on diffiackscattering directiong=0) and decays to zero at large
sion theory with a uniform gain coefficient in the medium. 6. This leads to a narrow cone of coherent backscattering
Although the theoretical results are in good agreement withwhich has a width56~\//, where\ is the wavelength and
the experimental data at low gain levels, the calculation al#” is the transport mean free patfihe diffusive termy, has
ways overestimates the narrowing of the cone, which bea much weaker angular dependence and can be well approxi-
comes apparent at higher gain levels. As was pointed out imated byy.(0). Theterm v; can also be considered as an-
Ref. 6, the reason for this discrepancy is due to the use of gular independent. Thus, the interference term gives rise to

constant gain coefficient in the calculations. an enhancement factor

In general, in any specific experimental situation, the gain
coefficient will not be homogeneous but it will be position- E— Yo+ %it ¥e(0) 1)
dependent inside the sample. Therefore, a theory is needed Y/t
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at #=0, which is the ratio of the intensity at the peak of the with the same boundary condition as that of the funckan
backscattering cone to the intensity in its wings. Due to theEq. (5). Equation(6) is a one-dimensional Schiimger-like
presence of the single scattering tegmn the enhancement equation with an “infinite potential well” of widthL + 2z,
factor is smaller than 2. and an “effective potential™— 3ky(z)// inside the “well.”

In the presence of gain, the bistatic scattering coefficientdt is easy to see that, with the use of the normalization con-

Yi» v, andy.(6), are amplified. It is convenient to define a dition = ,¢,(z1) ¢} (z,) = 8(z,— 2,), a formal solution of the
normalized intensity according to the diffuse background aGreen’s functionF can be expressed in terms of the eigen-

zero gain: valuese, and eigenfunctiong,(z) of Eq. (6), i.e.,
Y/t it ve(6) 3« en(Z)en(z2)
1(0)=—"05."05 2 = O Emfr@n 2]
Yo+ F(a,,z1.27) /22;4 ot ? @)
where y) and ¥ represent the bistatic coefficients and  \yhere the summation sums all eigenstatesl,?, . . .. Sub-

7 at zero gain. It has been found experimentally that thestituting Eq.(7) into Eq. (4), we obtain a simple expression
enhancement factdt is essentially unchanged in the pres- o o ()

ence of gairf. Using this fact and Eq(1), we are able to

rewrite Eq.(2) as 3 1 L 2
ve(0)= 752 P f dzen(2)e” 77192 . (8)
¥e(0)  :(6) n enTdrfJo
1(0)=—o, 7 T =o.ny (E- D). 3 . . . .
7¢(0)  v:(0) In the case of a small gain coefficient, the eigenvakien

. Eq. (8) are all positive and the summation gives a well-

The value ofE can be extracted from the experimental data. o4 function (6) for all 6. However, y,(6) can be-

The important quantity to calculate is the bistatic coefﬁcientcome unstable \7//\/Chen the gaiﬁ coeﬁicier;tycis such that the

¥e(6) descnbmg' the shape. of t'he backscattering cone. smallest eigenvalue; approaches zero. This is easy to see
In the following, we will discuss the calculations of

v.(0) in the presence of an inhomogeneous gain profileWhen the gain coefficient is a constaqj(z) =kg. In this

k,(2), wherez measures the distance away from the frontcase Eq(8) recovers the result of Ref. 6, and &) has the
gr . . : i =+2/(L+ [ + +
surface. The tern*yg is obtained by settingg;=0. solutions ¢n(2) = V2/(L + 2zg)Sifnm(z+2))/(L +22)]  and

_ 2_ -2 . 12 qa.
It has been shown that for a slab of thicknéssthe in-  °" [N/ (L+220) "=/ amp, Where / gmgi=(//3ke)™ de

terference term can be expressed in terms of a double int@—Otes the amplification length. The lowest eigenvaiyele-
; g P Creases witl. and becomes zero whdn+ 2z, reaches the
gral of the following form?

critical thicknessL o= 7/ ,mp, Where the scattered intensity

1 (L (L diverges'°

Y(0)= _f f dzdzF(q, ,2,,2,) In order to check our theoretical results, we have calcu-
2/Jo Jo lated explicitly the backscattering cones for the experimental
X (e~ (11 9n-(n-107 4 ¢ o) 4) situation of Ref. 6. Here powdered Ti:sapphire crystals were

optically excited with high-energy laser pulses that were in-
where 6=2m(1—cos9)/\, n=[1+(cosd) 12/, q,  cident from the front sample surface. The shape of the gain
=2msing/\, and c.c. denotes the complex conjugate. In prin-profile in these samples can be calculated by solving numeri-
ciple, due to the presence of gain, the factof i the defi-  cally the diffusion equation for the pump light that excites
nition of » should be replaced by a position-dependent exihe laser material, together with the rate equations that deter-
tinction coefficient (1) —ky. However, since, is orders mine the local excitation of the system. This calculation was
of magnitude smaller than A/ the effect due to gain on the described extensively in Ref. 7, and comes down to the fol-
coherent part can be ignored. The integré&(d|, ,z;,2,) is lowing. The gain coefficient is calculated from the local ex-
a Fourier transformation of the intensity Green’s function,citation level of the laser material, usiig=oerNy(r.t),
and is the solution of the transformed stationary diffusionWhere oer, is the cross section for stimulated emission and
equation N,(r,t) denotes the population of the upper lasing state.

Ti:sapphire is a standard four-level laser system in which the

1, 2 ) , lasing ground state is essentially unpopulated. The rate equa-
37 &_zi_% F(A1.21.25) +/Kg(21)F (01 1 21,2,) tion for the upper lasing state is given'by
+8(z,—2,)=0, (5 INq(r,t) 1
nz T — o N Ny (0] Welr.)+ < To(r.)
with the boundary conditiof (q, ,z;,2,)=0 in “trapping”
planes atz; = —z, and L +z, with zy~0.71/.° Here the 1
gain coefficienky(z,) in the above equation is depth depen- ~ Tent Na (L OWA(, 1 = — Ny (1, 0), 9
dent. €
The solution of Eq(5) can be obtained from the solutions whereWg(r,t) denotes the energy density of the excitation
of the following eigenvalue problem: light andW,(r,t) the energy density ofamplified sponta-
2 3k(2) neous emission. Furthermore,is the transport velocity of
_ g _ the light inside the mediumg s the absorption cross sec-
G2 T |#n(2)=enen(2), © tion, 7, the lifetime of the excited statég(r,t) the intensity
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FIG. 1. The calculated gain coefficieky(z) as a function of
depth from the front surface for powdered Ti:sapphire samples &
various transport mean free pattisand pump energies, . Sample
thickness 1 mm, particle diameter about 4. Pump beam: di-
ameter 5 mm, pulse width 14 ns, wavelength 532 nm. Curves A, B
C, and D represent/(=18 um andE,=185 mJ, (/=28 um and
E,=180 mJ, (/=40um andE,=190 mJ, and (=40 um and
E,=165 mJ, respectively.
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of the incoming pump light, anil; is the total concentration
of laser particles. For Tiisapphire we have
Tap=3.0<10"2*  m?, 0g=3.0x10% m? and
7o=3.2X10 8 s. The samples consisted of 33% Ti:sapphire
particles, correspondingat a doping level of 0.15 wt % 2.0
Ti,03) to N;=1.6x10?°> m 3. The diffusion equations that
determineéWg(r,t) andW,(r,t) are

Normalized Intensity

>

aWG(rvt) 3.0
—— = DVPWo(r, 1) = oapg [Ne= Na(r, ) IWg(r, 1) -
‘@
1 % 25
+7IG(r,t), (10 €
o
Wa(rt) O 20
IWp(r,t =
——r— = DVPWa(r,1) + gerp Ny(1 ) Wa(r ) £
o 15
1 =z
+ —Ny(r,t), (11
Te 1.0 :
, e L : 2 A 0 1 2 3 4 5 6
where D is the diffusion coefficient inside the medium. (g Scattering Angle (mrad)

Equations(9), (10), and(11) form a set of coupled differen-
tial equations that can easily be solved numerically.

The resulting depth dependence of the gain coefficient for
the samples and pump energies used in the experiments of
Ref. 6, is shown in Fig. 1. All curves show a similar behavior
in the sense that the gain coefficient has a maximum close
the front ;ample mt_erface, and than dies fo with mc_reasm round at zero gain. The backscattering con@ijns for the case of
depth..Th|s shape is easy to understand if one reallz_es.th anport mean free path—18 um and pump energg,=185 mJ,
t_he gain curve ,ha_s fou_gh'y_ th_e shape of the (_anergy dlst”bq/'vhich has the highest overall gain of 144%. The solid curve is the
tion of the excitation light inside the slab. Without absorp- c5icylated result based on E¢®) and (8). The open circles are the
tion, this energy distribution would decay linearly with thick- measured data. The dashed curve is the calculated result based on a
ness(regular diffusion in a slab geomejrput due to a small  yniform gain coefficient.(b) is for the case of/'=28 um and
absorption, the curves become slightly bent in the middle. E,=180 mJ.(c) is for the cases of =40 um andE,=190 (upper

Using the gain curves of Fig. 1, we can calculate explic-curve) and 165 mdmiddle curve, which corresponds to the lowest
ity vc(6), as given by Eq(8). The solution of Eq(6) was  gain level. The lower curve is the result of no gain. At high gain
found numerically by using the finite difference method. Thelevels the inhomogeneity of the gain coefficient has to be taken into
number of obtained eigenstates depends on the spacing. Vélecount to arrive at the right shape of the backscattering cone.

FIG. 2. Comparison between the calculated and measured back-
scattering coneéin the polarization conserving chanpélom Ref.
. The backscattered intensity is normalized to the diffusive back-
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have systematically increased the number of eigenstates usatkasured data is excellent. Also shown in this figure is the
in the evaluation ofy;(6) in Eq. (8) to ensure that a conver- calculated result obtained by using a constant gain coeffi-
gent result has been reached. A good convergence rate ¢ent (dashed curve It is easy to see that a uniform gain
guaranteed by the existence of a fast oscillating functiorprofile always leads to a narrower cone compared to the mea-
@n(2) in the integrand and the factoér(Jrqi)fl in Eq. (8). sured one due to the overestimation of amp!lﬂca}tmn for
For each of the four cases shown in Fig. 1, more than 3008/aves with long path lengths, and the narrowing is rather
eigenstates have been included. In order to check the accgidnificant in this case. Since the amplification is correctly
racy of our calculations, we have also calculatedd) fora  ncorporated in EqsiS) and (6) by using a depth-dependent
case of constant gain. The result obtained this way from E 'aegtcv(\)/ﬁr]:fltcrlmin#]eﬂ:a\;?rf dadb;(taato obtain a much better agree-
(8) agrees excellently with the analytic result given in €. o P

of Ref. 6. This provides a direct check on the reliability of/, Similar curves are shown in Fig.( for the case of

lculati For th f v@ 0 | =28 um and E,=180 mJ, where the overall gain is
our cajcufations. -or the case of no ga (0) was calcu- 115%. The results for the case 6=40 um are shown in
lated in a similar way.

. . .Fig. 2(c), where the upper and middle curves are the data
For every sample, a measurement without gain was ava"c')btained forE,=190 and 165 mJ, respectively. The corre-
able, from which the mean free path and enhancement P .

. - sponding overall gain is 71 and 36 %. The lower curve is the
factor E could be determined. The enhancement factor lie b g 9 y

. : esult of no gain. Excellent agreement between theory and
between 1.70 and 1.78 in our case. Normally, the gain coe éxperiment is also found in all three cases shown in Figs.

ficient Kg is determined from the overall gain of t.he system, (b) and Zc). The dashed curves in Figsh2 and Zc) again
defined as the ratio between the total scattered intensity wit present the results of a constant gain coefficient. The nar-

amplification to the total scattered intensity without amplifi- rowing due to a uniform gain profile diminishes with de-

cation. The overall ga_in can be. measyred at large angleﬁreasing overall gain. For the case 640 um and E,
away from backscattering. We wish to include the depth de—:165 mJ, where the overall gain is 36%, the narrowing is

pendence of the gain coefficient, as shown in Fig. 1. T.qnsignificant and the middle dashed curve in Figc)2be-
match the overall gain of the system in our case, we multl—Comes indiscernible from the middle solid curve.

plied the gain curves of Fig. 1 by a factor close to dire In conclusion, we have studied theoretically coherent

practice bet_ween 112 qnd 1_)36he reason that the NUMEN- packscattering from amplifying random media, considering
cal calculation on the diffusion of pump light does not give o, jicitiy the depth dependence of the gain coefficient. We
|mmed|ate_ly_the overall_\_/alue Oy _accurately IS _th?‘t the find excellent agreement between theory and recent experi-
overall gain is very sensitive to, for instance, spatial inhomo- onts on Ti:sapphire powders. Our study has resolved the
geneltlies IOf thﬁ( pump be?m. In (r)]rder to Ere,d'Ct also theyiscrepancy between the experimental data and theoretical
or:/era value ho 9 a‘;Cl;rate y, one has toh'tahe mtlo account qieylations based on a constant gain coefficient. Although a
the prfefuse S api of the pump beam, which could be a suly|cyjation with a constant gain coefficient is capable of in-
Ject of iuture work. troducing good agreements with the measured data at low

_An example of a calculated backscattering cone is ShoWRain |evels, it is necessary to consider a depth-dependent
in Fig. 2(a), together with the corresponding expenmentalgain profile when the overall gain is above about 40%.
data. Here the transport mean free patiis18 um and the

pulse energy of the pump bedfy=165 mJ. The intensity at W.D. and Z.Q.Z. wish to acknowledge the support of
large 6 gives an overall gain of 144%. The solid curve is ourHong Kong RGC Grant No. HKUST 617/95P. D.S.W.
theoretical result including the explicit depth dependence ofvishes to thank Ad Lagendijk and M. van Albada for con-
the gain. The agreement between the calculation and thgnuous encouragement.
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